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Abstract. This paper presents a post-identification certification frame-
work for sparse quadratic dynamical models identified from data. Af-
ter model selection, the coefficients, active terms, data partitions, and
preprocessing choices are frozen so that certification does not alter the
identified dynamics. The frozen model is examined using a Hurwitz eigen-
value screen, a fixed Euclidean Lyapunov metric, and a post-identification
quadratic Lyapunov metric obtained through semidefinite optimization.
The quadratic nonlinear terms are then included in the Lyapunov deriva-
tive analysis of the full model, yielding a conservative local region in
which the Lyapunov function is guaranteed to decrease. Coefficient un-
certainty is treated separately through robust certification over cali-
brated uncertainty sets. The framework therefore separates predictive
validation, nominal stability certification, local nonlinear certification,
and robust certification, providing a transparent way to assess an al-
ready identified model without modifying it.

Keywords: post-identification certification- SINDy- Lyapunov stabil-
ity sparse nonlinear models- uncertainty quantification- semidefinite pro-
gramming.

1 Introduction

Data-driven identification provides a practical way to construct dynamical mod-
els when the governing equations or their parameters are unknown or only par-
tially known. Among these methods, Sparse Identification of Nonlinear Dynam-
ics (SINDy) constructs compact equations by selecting a small number of active
terms from a larger set of candidate functions [4, 3]. SINDy can use many types
of candidate functions. Here, we restrict the library to constant, linear, and
quadratic polynomial terms because the certification framework is developed for
sparse quadratic models. This restriction defines the model class studied below.

Accurately reproducing measured data, however, does not by itself show that
the identified dynamics have desirable stability properties. Measurement noise
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and numerical differentiation can affect the estimated derivatives, and the se-
lected equation structure also depends on the candidate functions used during
identification [5, 15]. An identified model may accurately reproduce measured
derivatives or short trajectories yet generalize poorly beyond the observed data.
For this reason, prediction accuracy and dynamical stability should be examined
as separate questions.

Several existing approaches introduce stability or boundedness conditions
while the model is being identified. For example, Trapping SINDy includes condi-
tions intended to keep trajectories inside a bounded region for a class of quadratic
systems [11]. Other methods impose stability-related constraints directly during
the construction of quadratic models [9, 7]. Related identification work has also
embedded constraints directly into the model structure [16].

Once a model has been selected, a separate question is whether its stabil-
ity can be certified without altering the identified dynamics. Lyapunov-based
methods address this question and have been applied to fixed quadratic models
to estimate stability regions, bound nonlinear terms, and study sparse models
under noisy-data settings [13, 17, 19]. The proposed workflow applies comple-
mentary tests to the frozen model. First, we screen the linearized dynamics for
the Hurwitz property. Second, we test a fixed Euclidean Lyapunov metric. Third,
we compute a post-identification quadratic Lyapunov metric for the frozen dy-
namics. Combined with the quadratic nonlinear bound introduced below, the
resulting inequality yields a conservative local region of guaranteed Lyapunov
decrease.

To account for uncertainty in coefficients estimated from noisy data, separate
calibration data are used to define bounds on coefficient errors. Robust post-
identification certification then tests whether one Lyapunov metric remains valid
over the resulting uncertainty set. The failure of this sufficient test indicates that
the tested certificate cannot be guaranteed over the prescribed uncertainty range.

The main contribution is a transparent post-identification certification work-
flow that freezes the selected sparse quadratic model and separates predictive
validation, nominal stability certification, and robust certification. Its purpose is
to determine which stability-related claims are supported for the identified model
and over what region. Passing the Hurwitz screen confirms stability of the lin-
earized dynamics; passing a nominal Lyapunov test together with the nonlinear
bound yields a local region of guaranteed Lyapunov decrease; and passing the
robust test extends the certificate to all models in the prescribed uncertainty
set.

2 Sparse Quadratic Model and Frozen Setting

We consider a continuous-time autonomous dynamical system,
i(t) = f(z(@t),  =(t) eR", (1)

where z(¢) is the n-dimensional state vector and f : R®™ — R™ is the unknown
vector field.
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The continuous-time state trajectory is observed at m discrete time instants

t1,...,tm. The measured states and their derivatives are arranged into the ma-
trices
a(t)’ (ti)"
X = : ., X = : , X, X € R™*™, (2)
T (tm)T & (tM)T

When derivatives are not measured directly, X can be estimated from the mea-
sured states using numerical differentiation.

Sparse Identification of Nonlinear Dynamics (SINDy) represents the unknown
vector field f(x(t)) using a library of candidate functions [4]. Let 0(z) € R'*?
be the row vector containing the p candidate functions evaluated at state =x.
Evaluating these functions at all m samples gives

0(x(t1))
ox)=| : |erm> (3)
0(x(tm))

The identified dynamics satisfy
X~O(X)z, ZeRP™, (4)

where the j-th column of = contains the coefficients of the j-th state equation.

Assuming that only a few candidate functions contribute to the dynamics,
sparse regression seeks a coefficient matrix with few nonzero entries, whose lo-
cations define the active support of the identified model. A general formulation
is

min % HX—@(X)E‘2F+>\R(E), (5)

where || - || is the Frobenius norm, R : RP*™ — Rx¢ is a sparsity-promoting
regularizer, and A > 0 sets its weight.

In this paper, the candidate library contains a constant term, the n individual
state variables, and all distinct quadratic products z;z, with 1 < j <k < n.
Thus, the number of candidate functions is

n(n+1).

=1
p +n+ 5

(6)
After model selection, the identified dynamics can be written as
& =c+ Az + h(x), hi(z) =z Hyx, i=1,...,n, (7)

where ¢ € R™ contains the constant coefficients, A € R™*" contains the linear
coefficients, h(x) € R™ collects the quadratic contributions, and H; € R™*™ is
the coefficient matrix of the quadratic terms in the i-th state equation. Without
loss of generality, each H; is chosen symmetric, since 2| H;z depends only on
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its symmetric part. This gives a unique matrix representation of each quadratic
polynomial,
H; =H,. (8)

For a cross term ﬁﬁ?:ﬂjxk, where 5](2 € R is its coefficient and 1 < j < k < n,
we set
By
(Hi)je = (Hi)ij = =5
The diagonal entries of H; contain the coefficients of the squared terms.
Certification is performed around an equilibrium z, € R™ of the identified
model, satisfying

(9)

0=c+ Az + h(x.). (10)
We introduce the shifted state

T = — T, z e R", (11)

which moves the equilibrium to the origin. Under this coordinate shift, the
quadratic terms generate additional terms linear in &, so the linear matrix of
the shifted dynamics generally differs from A.

Let a; € R™ denote the transpose of the i-th row of A. Substituting x = Z+x,
into Eq. (7) gives

&=Li+h(Z). LeR™", (12)

where L is the linear part of the identified model around the equilibrium z.. Its
i-th row, L;. € RY*" is
Li’; = (ai + 2HZ'{EE)T. (13)

Expanding =" H;z after the shift produces the linear cross term 2z H;Z,
which contributes 2H;x. to the i-th linear coefficient vector. Using the equilib-
rium condition, the constant terms cancel, the linear matrix changes from A to
L, and the quadratic matrices H; remain unchanged.

After model selection and the equilibrium shift, L, H;, the active support,
fitted coefficients, data partitions, and preprocessing choices are frozen. The
frozen model in Eq. (12) is then evaluated using the stability tests introduced in
the next section.

3 Lyapunov Certification of the Frozen Model

We now examine the frozen shifted model in Eq. (12). Throughout this section,
I |l denotes the Euclidean norm for vectors and the spectral norm for matrices.
For symmetric matrices, Apax(-) and Apin(+) denote the largest and smallest
eigenvalues, and I denotes an identity matrix of appropriate dimension.

A Lyapunov certificate consists of a positive-definite metric P and inequalities
guaranteeing Lyapunov decrease for the frozen model over a specified region. The
Hurwitz eigenvalue check is used separately to screen the linearization.
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3.1 Hurwitz Screen and Fixed Euclidean Metric

We first examine the eigenvalues of L in Eq. (12). The spectral abscissa is defined
as

j n

o(L) = max Re(A;(L)), (14)

where \;(L) € C is the j-th eigenvalue of L and Re(-) denotes its real part. The
matrix L is Hurwitz when

a(L) < 0. (15)

The Hurwitz test screens the linearization independently of any Lyapunov met-
ric. We then consider the Euclidean quadratic candidate

Tz (16)

This corresponds to the fixed Euclidean metric P = I. For the linearized
dynamics

i=L7,
the derivative is
. 1
Vi(7) = 5:z'T(LT + L)z (17)

Thus, the fixed metric provides a strict Lyapunov certificate for the linearized
dynamics when

LT+ L <0. (18)
Equivalently,
~T/7T ~
T (L' +L)x<0

for every nonzero & € R™ [12, 2]. For numerical comparison, we define the fixed
Euclidean margin

nr = _)\max(LT + L) (19)

Since L' + L is symmetric, if n;y > 0,
Vi(z) < AP 20
1(Z) 5 122 (20)

for every nonzero  in the linearized dynamics. This is the standard continuous-
time quadratic Lyapunov condition for the fixed Euclidean metric [12, 2].

If n; <0, the fixed Euclidean metric does not provide a certificate. This does
not imply that L is unstable; it only means that P = I is insufficient to establish
strict Lyapunov decay.
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3.2 Post-Identification Quadratic Metric

We next use the quadratic Lyapunov candidate

1
Vp(Z) = izi:TP:i:, P=P"»~0, PcR™". (21)

The matrix P defines the Lyapunov geometry.!
For the linearized dynamics,

Vp(i) = %QET(LTP + PL)z. (22)

Given P = PT = 0, a strict quadratic Lyapunov certificate for the linearized
dynamics is obtained when
L"P+ PL<0. (23)

12, 2]
Since the scale of P is arbitrary, we impose

tr(P) = n. (24)

The post-identification metric is obtained by solving the semidefinite program
(SDP) 2]

o
subject to P =P", P =4I, (25)
tr(P) = n,

L"P+ PL =< —nl.

This is a convex optimization problem because the objective is linear and the
matrix inequalities are affine in the decision variables P and 7. Here, n € R is
the linear decay margin optimized by the SDP, and § > 0 is a fixed numerical
safeguard that keeps P uniformly positive definite.

Let P* denote an optimal metric obtained from the SDP and n* the corre-
sponding optimal decay margin. If n* > 0, then

. B 77* B
Vs (3) < =213 (26)

for every nonzero & along the frozen linearized dynamics.

3.3 Local Nonlinear Certificate

The previous tests concern the linear term LZ of the frozen shifted model in
Eq. (12). We now include the quadratic nonlinear terms.

hi(#)=#"H;z.  H;=H ¢ R™™. (27)

! For P = I, the level sets are spheres; for general P > 0, they are ellipsoids.
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To characterize their combined magnitude, define

n 1/2
o = (DH) . (28)

It follows that [13, 17]

1A (@) ]|z < Ferl|Z]I3- (29)
Let P = PT » 0 satisfy the linear Lyapunov inequality with decay margin n > 0,
L"P+PL =< —nl. (30)
For Vp(Z) = %fTP;i, the derivative along the full frozen nonlinear model in

Eq. (12) satisfies

Ve (%) = %:ET(LTP + PL)i + &' Ph(&) 1)

IN

- s
=5 I2l1Z + 1P o7 | 2|2

Case 1: yg > 0. The upper bound is strictly negative for every nonzero T
satisfying
- n
[Zll2 <7y (P),  ry(P) = grmre—- (32)
v v 2||Pll2ya
We call 7y, (P) the derivative-negativity radius, which guarantees Vp(Z) < 0
for every nonzero z with ||Z||2 < 7y, (P). It does not by itself define an invariant
set or the exact region of attraction.
For 4y > 0, choose a safety factor p € (0,1) and define

2
¢p = Amin(P) (prV(P)) . (33)
The corresponding Lyapunov sublevel set is
EP)={ieR":3"Pi<c,}. (34)
Since 7" PZ > Amin(P)||Z]|3, every & € E,(P) satisfies
2]l < pry (P) <7y (P).

Hence, Vp(Z) < 0 at every nonzero point of &,(P). Because this set is a sublevel
set of Vp, it is positively invariant for the frozen nominal model [12].

Case 2: yg = 0. All quadratic terms vanish, and the frozen model is linear. In
this case, the linear Lyapunov certificate applies globally, and no finite nonlinear
radius is required. The fixed and post-identification Lyapunov margins, nonlinear
radii, and ellipsoid dimensions depend on the coordinates and scaling of the state
variables. They are therefore compared only for models expressed in the same
coordinates and scaling.

The nominal certificates derived above apply to the frozen model; coefficient
uncertainty is addressed separately in Section 4.
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4 Numerical Results

The numerical study addresses three questions. First, we examine the SINDy
identification-to-certification workflow under ideal conditions and the effect of
sparsity. Second, we test whether the fixed Euclidean metric can fail to provide a
certificate for Hurwitz but non-normal linear dynamics. Third, we examine how
coefficient uncertainty affects nominal and robust certification. In each case, the
fitted model is kept fixed during certification.

4.1 Baseline and Sparsity Checks

The baseline uses the two-dimensional continuous-time quadratic autonomous
system
5.81 1 +0 5$13252, (35)
Tg = —2x9 — 0.327.
Four noise-free trajectories are generated on t € [0,10] with A¢ = 0.01 from
initial conditions (1.0,0.5), (—0.8,0.7), (0.6, —0.6), and (—0.5,—0.4). The first
three are used for training and trajectory-wise cross-validation, and the fourth
for held-out evaluation. Exact derivatives are evaluated directly from the right-
hand side of Eq. (35), without numerical differentiation. The quadratic SINDy
library is [1, 21, x2, 23, 7122, ¥3).
Sequentially thresholded least squares (STLSQ) is evaluated on the following
a fixed grid of 15 threshold values:

A={10"%,107%,10"*,1073,1072,0.05,0.1,0.2,0.25,0.35,0.45,0.55,0.9, 1.1, 1.5}

Three leave-one-trajectory-out cross-validation folds are used: in each fold, two
trajectories are used for fitting and the third for validation. The derivative RMSE
is computed over all validation samples and state components and then averaged
over the three folds. The one-standard-error rule selects the sparsest admissible
model [4, 10]. The selected threshold is Age; = 0.25, yielding four active coeffi-
cients and recovering the reference support and nonzero coefficients to numerical
precision.

Performance is then evaluated on the fourth trajectory, which was not used
for training or model selection. The held-out derivative error measures how ac-
curately the frozen model predicts the state derivatives along this unseen trajec-
tory, while the held-out state error measures the difference between the forward-
simulated and reference trajectories.

RMSE,; = 2.10 x 10713, RMSE, = 1.08 x 10713,

These near-numerical-precision errors are expected for this noise-free exact-
recovery benchmark and mainly confirm the implementation of the identification-
to-certification pipeline. The identified linearization has a(L) = —1 < 0. The
fixed and post-identification Lyapunov margins are n; = 2.00 and n* = 2.67,
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respectively, so both metrics certify the frozen linearized dynamics. The corre-
sponding local nonlinear certificates are then obtained by including the quadratic
terms. Although the adaptive margin is larger, the corresponding metric norm
also increases, and both metrics give approximately the same derivative-negativity
radius, 7y, & 2.56.

Across the full threshold sweep, nine of the 15 candidates satisfy the pre-
dictive one-standard-error rule. Thirteen candidates pass both Lyapunov tests,
while two pass neither. All nine predictively admissible candidates pass the cer-
tification tests. Thus, in this ideal baseline, post-identification certification does
not further discriminate among the predictively admissible models.

4.2 Effect of Non-Normal Coupling

We next illustrate how non-normal coupling affects the fixed Euclidean certificate
and the resulting local nonlinear bound while the eigenvalues remain unchanged.

L(a) = [_01 _“2} . a>0, (36)

where the scalar a controls the off-diagonal linear coupling. The quadratic terms
remain those of Eq. (35). We test a € {0,1,2,2.5,2.8,3,3.5,4}. The case a =
0 provides the normal baseline, while ¢ > 0 introduces non-normal coupling
without changing the eigenvalues. For each value of a, six noise-free trajectories
are generated on t € [0,6] with At = 0.01, and exact derivatives are evaluated
from the corresponding right-hand side. SINDy uses the same quadratic library
as in Section 4.1, but with the STLSQ threshold fixed at A = 0.25, rather than
selected again by cross-validation. The corresponding sparse quadratic model is
recovered to numerical precision in every case.

Because L(a) is upper triangular, its eigenvalues remain —1 and —2 for every
a. Thus, every tested linearization is Hurwitz, although increasing a changes the
geometry of the linear dynamics [20]. For the fixed Euclidean metric,

nr(a) =3 —v1+ a2 (37)

The fixed Euclidean condition holds through a = 2.8 and fails for a = 3, 3.5, 4.
The post-identification SDP yields n* > 0 for all eight tested values. Thus, all
tested linearizations remain Hurwitz, while the fixed Euclidean metric becomes
insufficient as the non-normal coupling increases. The post-identification SDP
continues to provide a positive Lyapunov margin for the same frozen dynamics.

The SDP is specified in CVXPY [6] and solved with CLARABEL [8] using
d = 1076, A solution is accepted only if n* > 1079, the trace and normalized
LMI-residual errors are at most 1075, and Apin (P*) > § — 1078,

The same distinction carries over to the local nonlinear certificate. At a = 2.8,
the fixed and post-identification radii are approximately 0.0343 and 1.0581, re-
spectively. For a = 3,3.5,4, the fixed Euclidean certificate fails, so no corre-
sponding local radius is reported, whereas the post-identification radii remain
approximately 0.9781, 0.8080, and 0.6736, respectively.
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Fixed and Adaptive Lyapunov Margins Conservative Local Certification Radii

o

°

&

°

Conservative local radius rmax

~e— Fixed metric P=1
—0.5 Adaptive metric P> 0
Zero-margin boundary Adaptive metric P> 0

&

—e— Fixed metric P=/

-~ Fixed transition a =8 -~ Fixed transition a =8

°

0.0 05 10 15 2.0 25 30 35 2.0 0.0 05 10 15 20 25 3.0 35 4.0
Non-normal coupling parameter a Non-normal coupling parameter a

Fig. 1. Effect of non-normal coupling on the fixed and post-identification Lyapunov
margins (left) and derivative-negativity radii (right). The eigenvalues remain —1 and
—2 for all a, while the fixed Euclidean certificate is lost at a = /8.

4.3 Coefficient Uncertainty and Robust Certification

The final study uses a ten-dimensional synthetic quadratic benchmark with equi-
librium at the origin.? Eight clean trajectories are generated on ¢ € [0, 8] with
At = 0.01; the first six are used for clean identification and the remaining two
are held out. A 47-coefficient support is identified from the clean data and then
frozen. In the noisy experiments, no terms are added or removed; only the coef-
ficients on this fixed support are re-estimated.

Two noise levels are considered, o € {0.005,0.020}. For each state component
j, noisy measurements are generated as

2" () = x5 (te) + 085250, Zik ~ N(0,1),
where s; is the standard deviation of the j-th state component computed from
the six clean training trajectories.

Noise is added only to the sampled states; derivatives are not perturbed di-
rectly but are estimated from the noisy states using a cubic smoothing spline
with generalized cross-validation. For evaluation, 100 realizations disjoint from
the calibration set are reserved at each noise level. For a given seed, the same
standardized noise realization is rescaled to the two noise levels. Since the bench-
mark is synthetic, the reference operators are known exactly. This allows the
errors in the estimated linear and quadratic operators to be measured as

er = HZ - Ltrue||27
10 1/2
(Z ||Hz - Htrue,i|%> .
=1

2 The complete deterministic benchmark specification, including the reference linear
and quadratic operators and all initial conditions, can be made available by the
authors upon reasonable request.

(38)

€H
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Here, AE, Lirge € R19%10 are the estimated and reference linear operators. Simi-
larly, H;, Hirge,s € RY0%105 =1,...,10, are the estimated and reference quadratic
operators.

Separately, 40 calibration realizations at each noise level are used to con-
struct a joint split-conformal bound [14]. Let eg) and e(Hr) denote the linear
and quadratic operator errors of the r-th calibration realization. For each noise
level, ay, and ay are fixed before calibration as the medians of the correspond-
ing linear and quadratic operator errors over four pilot realizations, with a small
deterministic positive floor. We then define,

(r ()
sT:maX{eL,eH}, r=1,...,40.
ar ag

The joint conformal quantile ¢ is the 39th smallest of these 40 scores, corre-
sponding to the prescribed 95% coverage level. The uncertainty radii are then
frozen as

€L =4qar, €y =4qamg.

At o = 0.005, (cr,em) = (7.423 x 1072,1.095); at o = 0.020, they increase to
(1.941 x 1071, 2.596). These radii are fixed before the evaluation realizations are
examined. R R
For an estimated model (L, Hy, ..., Hyg), the corresponding uncertainty set
is
L=L+ A, HAL||2§€L7
H,=H,+AH;, i=1,...,10,

10 1/2
(Z |AH1||§> <en
i=1

For each fitted model, we first test whether a common quadratic Lyapunov
certificate holds for the linear part of every model in U,,. Using Petersen’s lemma
[18, 1], we solve

Z/{g: (L,Hl,...,Hlo)l

max 1
Pt
subject to P =P, P =41, tr(P) = 10,
P <tl, §<t<10, (39)

p>107%  5>0,

7T T 2
L' P+PLAnl+pepl P <0
P —ul| —
with 6 = 1076, The quadratic uncertainty enters the local nonlinear certificate
~ ~ 10 | 73
through Yyor, = Yar + e, where Y = (3, || H;[13)"/2.
For a trial radius r > 0, the Petersen conditions are supplemented by

17 2 2rtyrob.
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The largest feasible radius is obtained by bisection with relative tolerance 104,
A certificate is accepted only if n > 1075, A\ (P) > § — 1078, the trace error
is at most 107°, and the normalized LMI, upper-bound, and radius-constraint
residuals are at most 1075,

Joint empirical coverage is the number of evaluation realizations for which
both ey, < ¢p, and ey < ep. It therefore evaluates whether the calibrated un-
certainty bounds contain the known reference operators. This is distinct from
robust certification, which asks whether the entire prescribed uncertainty set sat-
isfies the sufficient Lyapunov condition. The evaluation results are summarized
in Table 1.

Table 1. Coefficient-uncertainty and certification results for 100 independent evalua-
tion realizations at each noise level.

Quantity o =0.005 o = 0.020
Empirical joint coverage| 96/100  96/100
Hurwitz centers 100/100 100/100
Nominal Euclidean 0/100 0/100
Nominal P 100/100 100/100
Petersen P 100/100  0/100

The robust test gives different results at the two noise levels. At o = 0.005,
all 100 uncertainty sets are certified. At ¢ = 0.020, none is certified, although
every fitted center remains Hurwitz and passes the nominal post-identification
test. The difference, therefore, reflects the larger uncertainty set, not a change
from stable to unstable fitted models.

5 Conclusion

This paper presented a post-identification certification workflow for sparse quadratic
dynamical models. For each fitted model, identification is completed before cer-
tification, after which the coefficients and active terms are frozen. Predictive
validation, Hurwitz screening, quadratic Lyapunov certification, local nonlin-
ear certification, and robust certification then assess complementary aspects of
model reliability. Together, these tests assess agreement with unseen data, local
equilibrium stability, certified Lyapunov decay and invariant neighborhoods, and
robustness to prescribed coefficient uncertainty.

The numerical results illustrate two mechanisms that can limit certifica-
tion. For non-normal but Hurwitz dynamics, the fixed Euclidean metric can
fail, while the post-identification SDP finds a quadratic Lyapunov metric for the
same frozen dynamics. In the noisy ten-dimensional benchmark, all fitted model
centers remained Hurwitz and nominally certifiable with the post-identification
metric, whereas robust certification was lost for the larger calibrated uncertainty
sets. Thus, nominal and robust certification provide distinct information about
the identified model.
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The reported certificates are sufficient and local. The derived radius is not
an exact region of attraction, and failed certification does not prove instabil-
ity. Although the numerical studies support the specific mechanisms examined
here, they do not establish general applicability. Future work will examine larger
power-system benchmarks and PMU measurements, and extend the framework
to uncertainty in model structure.
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