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Abstract

This paper presents several new perspectives on fundamental results in nonlinear
optimization and mathematical programming. Elementary proofs are developed
for classical optimality results, including the Lagrange multiplier theorem, the
Karush—Kuhn—Tucker theorem, Farkas’ lemma, and the cone closure theorem.
The proposed arguments avoid a number of traditional analytical tools, such as
the Implicit Function Theorem, separation theorems, cone closure techniques,
penalty methods, and limiting procedures, while preserving mathematical rigor.
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1 Introduction

Theoretical foundations of nonlinear optimization have been extensively studied over
the last several decades and constitute one of the cornerstones of modern applied math-
ematics. Classical optimality conditions, including the Lagrange multiplier theorem,



the Karush-Kuhn—Tucker (KKT) theorem, Farkas’ lemma, and second-order opti-
mality conditions, play a central role in nonlinear programming, optimal control,
variational analysis, and numerical optimization.

The standard derivations of these results are based on sophisticated analytical
tools. For example, the classical proofs of the Lagrange multiplier theorem frequently
employ the Implicit Function Theorem or Lyusternik’s theorem [4, 17, 20]. Similarly,
the proof of the KKT theorem is traditionally based on separation arguments, Farkas’
lemma, cone duality, or limiting techniques [4, 20, 23]. These methods have become
standard in optimization theory and form the basis of many modern textbooks.

The role of Farkas’ lemma extends well beyond linear programming. Together with
cone separation results, it provides one of the fundamental tools for establishing first-
order optimality conditions, constraint qualifications, duality theory, and numerical
algorithms. The relationship between Farkas’ lemma and cone closure has therefore
been investigated in numerous studies and constitutes an essential component of
modern optimization theory.

Another important research direction concerns optimization problems with degen-
erate constraints and degenerate systems of nonlinear equations. Classical Newton-
type methods generally require nonsingularity of the Jacobian matrix and therefore
become ineffective in degenerate situations. To overcome these difficulties, several gen-
eralized Newton methods have been developed, including approaches based on the
theory of p-regularity and higher-order approximations [5, 10, 24].

The theory of p-regularity has proved to be an effective framework for the analysis
of singular nonlinear mappings and degenerate optimization problems. Its applications
include higher-order optimality conditions, nonlinear equations, constrained optimiza-
tion, and generalized Newton-type methods. In particular, the two-factor Newton
method provides quadratic convergence under appropriate regularity assumptions even
when the classical Jacobian matrix is singular [3, 5, 10].

Recent years have also witnessed renewed interest in Newton-type methods for
convex optimization and nonlinear systems. Several authors have investigated conver-
gence properties, stabilization techniques, and modifications of Newton iterations for
both convex quadratic programming and nonlinear equations [6, 18, 21, 22, 25].

The present paper differs from the above approaches in several respects. Rather
than developing another numerical algorithm, we revisit several fundamental results
of optimization theory from a unified perspective. First, elementary proofs are pro-
posed for the Lagrange multiplier theorem, the Karush—-Kuhn—Tucker theorem, Farkas’
lemma, and the cone closure theorem. The proposed arguments avoid a number
of analytical tools commonly used in classical derivations while preserving mathe-
matical rigor. Second, we investigate the equivalence of optimization problems with
equality and inequality constraints through the framework of p-regularity. Third,
the applicability of the two-factor Newton method to degenerate Kuhn—Tucker sys-
tems is established. Finally, new solvability properties of Newton systems associated
with smooth convex optimization problems are discussed together with representative
degenerate optimization examples.

The remainder of the paper is organized as follows. Section 2 presents a new ele-
mentary proof of the classical Lagrange multiplier theorem. Section 3 develops an



elementary proof of the Karush—-Kuhn—Tucker theorem based on a projection argu-
ment. Sections 4 and 5 investigate Farkas’ lemma and the cone closure theorem, leading
to a generalized version of Farkas’ lemma with weaker assumptions. Section 6 discusses
the equivalence of optimization problems with equality and inequality constraints
and establishes new second-order optimality conditions. Sections 7 and 8 apply the
theory of p-regularity to degenerate nonlinear systems and degenerate Kuhn—Tucker
systems through the 2-factor Newton method. Section 9 investigates new properties of
smooth convex functions and derives convergence results for Newton’s method. Finally,
Section 10 illustrates the theoretical developments with representative degenerate
optimization problems, while Section 11 summarizes the main conclusions.

2 The elementary proof of the Lagrange multipliers
theorem

The classical proof of the Lagrange multiplier theorem relies on advanced analytical
tools. In this section we present a substantially simpler proof based solely on the
Weierstrass theorem (see, e.g. [12]).
We consider the following equality-constrained optimization problem
min ¢(z) n
subject to F(z) =0,

where
F=(fi,....fm)", FopecC*R"), fi:R" =R, i=1,...,m.

The following theorem gives the classical first-order necessary optimality conditions
for problem (1) (cf. Bertsekas [4] , Toffe and Tikhomirov [17]).

Theorem 1 Suppose that o, F € C*(R™) and that the Jacobian matriz F'(x*) has full row
rank.
If ¥ is a local solution of problem (1), then

gol(ac*) € Lin{f{(x*), .. 7f,’n(:c*)}

Proof Assume, to obtain a contradiction, that
cpl(m*) ¢ Lin {fl/(:r*) li=1,... ,m} .
Consequently,
¢ (™) = h+ h, where h € Ker F'(z*), h#0, h € Lin{f{(x*) li=1,...,m}.

In this case (¢’ (z*), h) # 0, and suppose moreover that (¢’ (z*),h) > 0. Then for a € (0,¢)
and for every £ € R™, such that ||¢]| =1,

HF(x*fa.h+a3/2.F'(1:*)T-§)H2zc.a3 and ||F (2" — a-B)|* <c o,



where ¢ > 0 is sufficiently small and ¢ > 0 is independent constant. By the Weierstrass
theorem, there exists n : R — R™, such that:

F (1:* —ah+ 043/2F/(a:*)T£) H2 = HF (a:* —ah + ag/zFl(x*)Tn(a)) H2

min ‘
£ER™

and ||n(a)|| < 1. Hence,

(HF (% —a-n+a®? F@)" na) H2>/ = Om
and, as the consequence,
2F (ac —ah+ a3/2F’(x*)Tn(a)) F @) F (m —ah+ a3/2F’(x*)Tn(a)) = Opn.
Therefore,
(¢ b ) o0
and
® (:U* —a-h+a®?. Fl(z*)T ~77(a)) =¢ (") —a- (¢ (%), h) + o(a) < ¢ (z").

This contradiction completes the proof. O

The above proof is constructive and relies only on elementary arguments together
with the Weierstrass theorem. In contrast to the standard derivations, it does not
require the Implicit Function Theorem or Lyusternik’s theorem (see, e.g., [17], [4],
[20]).

3 New elementary proof of the Karush-Kuhn-Tucker
theorem

The Karush-Kuhn-Tucker theorem is a cornerstone of nonlinear optimization. Exist-
ing proofs typically employ separation arguments or Farkas’ lemma. We present an
alternative proof based on a simple projection argument.

Consider the following mathematical programming problem:

p(a*) = min (z)

subject to ¢;(z) <0, i=1,...,m, (2)

where z* € R, g; € CHR").
Karush-Kuhn-Tucker (KKT) theorem is the fundamental result characterizing the
properties of a solution of the problem (2). The KKT theorem establishes first-order
necessary optimality conditions for problem (2).

Classical proofs of the KKT theorem rely on advanced mathematical tools such as
the Implicit Function Theorem, the cone closure theorem, Farkas’ lemma, separation
theorems, and limiting arguments. The proof presented in this paper is considerably
simpler and is based on the following lemma.

Lemma 1 Let K C R™ be a closed convex set such that 0 ¢ K. Let p = Proji-(0) denote the
projection of the origin onto K. Then the following inequality

(z=p,p) >0forall z€ K (3)
holds.



Since the proof of Lemma 1 is straightforward, it is omitted. The KKT theorem
can be stated as follows.

Theorem 2 Let z* be the solution of the problem (2), where ¢, g; € CHR™),

i =1,...,m. Then there exist nonnegative multipliers Ay, A\, ..., A\, fulfilling the following
conditions
m m
A - (%) + Z)\f - gi(x") = O and Z)\f =1, A\ -gi(z")=0,i=1,...,m. (4)
=1 =0

Classical proofs of this theorem are based on concepts such as the Implicit Function
Theorem, the cone closure theorem, Farkas’ lemma, separation theorems, and limiting
arguments. In contrast, the proof presented here is based solely on the straightforward
lemma 1, which is based solely on the projection property.

Proof Let us denote the active set of constraints by I(z*) = {i€1,...,m| g;(z*) =0}.
Obviously, 1 < [I(z*)| < m. The condition A} - g;(z*) = 0 means that

for i € {1,...,m}, A =0 when g;(z*) < 0.
Let us denote

Our goal is to prove that

On € K, (5)
which is equivalent to (4). Suppose, to obtain a contradiction, that 0 ¢ K. Since ¢’ (z*) € K,
the following inequalities

2
(¢ (@), —p) < —lplI* <0 ©6)
hold and because g;(z*) € K, i € 1,...,m the following inequalities
(gi ("), —p) < —lplI* < 0 )

hold, as well. Consequently,
p(z” —a-p) < (") and
gi(z" —a-p)<gi(z*) <0,i€l,...,m,
for sufficiently small o > 0. This contradicts the local optimality of z* for problem (2). O

4 Farkas’ lemma and the cone closure theorem

The so-called theorems of the alternative play a crucial role in the derivation of opti-
mality conditions and in the design of numerical methods. One of these results can be
stated as follows (see, e.g. [10]).

Theorem 3 (Farkas’ lemma) Let n, & € R™, i = 1,...,m. Assume that for every v € R"
satisfyingt (§;,x) > 0,4 =1,...,m, the following inequality holds (Farkas’ condition)
(n,z) > 0. (8)
Then
n€cone{;,i=1,...,m},
where cone{&;,i=1,....m}={y eR" |y=>"10;-&,0a; >0,i=1,...,m}.



Proof (See [10]) Let us consider the following function

®(z) = (n,z) + Z((&i,x)_)Q, where a_ { @, a<0 acR"™.
i=1

0, a>0’

If Farkas’ condition holds, then there exists y* = argmin ®(x).
zER™

By the first-order necessary optimality condition (Fermat’s theorem), we have either ®'(y*) =
On or 1+ >0 2(&,y*) =& = On. Defining —A] := 2(&;,y")—, we obtain n = Y701 Af - &,
t=1,...,m,ie n € Cone{&,i=1,...,m}. O

Remark 1 The explicit form of the Farkas multipliers follows direktly from the proof of
Theorem 3.

Existing proofs of Theorem 3 are typically based on separation theorems, limiting
arguments, and the cone closure theorem. Proofs based on the cone closure theorem
are generally more involved. Below, we present a shorter proof based on Farkas’ lemma.
The proof relies solely on Farkas’ lemma.

Theorem 4 (Cone closure theorem) The cone

m
K={yeR"[y=> A -a;,acR" X\ >0,i=1,...,m}
=1

is closed.

Proof (See [10]) Let {y;} C K,i=1,... be a sequence such that ||y;|| < ¢ and y; — y when
i — oo. It remains to show that y € K. Indeed, for every x € R" satisfying (a;,z) >0, j =
1,...,m, it follows that (y;,z) > 0, i = 1,.... Passing to the limit as ¢ — oo, we obtain for
every x € R" such that (aj,z) >0, j=1,...,m it follows that

lim (y;, z) = (y,x) > 0.
71— 00
By Farkas’ lemma, y € cone {aj, g=1..., m} . Hence, K is a closed set. O

Therefore, Farkas’ lemma and the cone closure theorem are equivalent. This
establishes a direct relationship between two fundamental results of optimization
theory.

5 Redundancy of conditions in the Farkas’ lemma

Most fundamental optimality results for optimization problems with inequality con-
straints are derived using Farkas’ lemma. However, condition (8) requiring that every
x € R™ satisfying (¢,2) > 0,7 = 1,...,m also satisfies (n,2) > 0 is stronger than nec-
essary. It is sufficient to verify the condition on a finite set of vectors z;. If condition
(8) holds for this finite set, that is Vz;, j = 1,...,k whenever (§;,z;) >0,i=1,...,m
= (n,2z;) >0,j=1,...,k thenn=>" & ,a; >0,i=1,...,m. For example,



let & = (07 1)T> &= (170)1" n= (17 l)Ta z1 = (1’0)T7 z2 = (07 1)T' Then <§ivzj> =0,
i=1,2and (n,2;) >0,j=1,2=n=a1&1 + m&, on =1, ap = 1.

The finite set {z;} is constructed as follows. Let span{;|i = 1,...,m} £ RP,
p <n, & € R, n € R" Then decompose R" = RP @ R"™P and let y1,...,yn—p be a
basis of R"P. Furthermore,
1) For 7 to belong to cone{&; |i =1,...,m}, it is necessary that
n € span{¢; |t = i = 1,...,m}, which is equivalent to (n,y;) =0, 7 =1,...,n —
Equivalently, this condition may be expressed as: if (§;, +y;) > 0 then (n, £y;) >
j=1....,n—p.
2) Assume now that n € span{&|i = 1,...,m}. Next construct in R” the con-
vex cone KCp = {z € R?|(§,2) > 0,7 = 1,...,m}. Let z1,...,2, be its extreme
(one-dimensional) edges. Since the cone is polyhedral, it has finitely many extreme
rays, denoted by x1, xa,...,z,. We set 21 = T1,...,2p = Ty, 241 = Y1, 2r42 =
YLy Zrg2(n—p)—1 = Yn—p> Zr42(n—p) = —Yn—p, that is, we define the finite set {z; },
j=1....k k=r+2(n-p).

p.
0

i

Theorem 5 (Generalized Farkas’ Lemma) Let (§,2;) > 0, i =1,...,m, = (n,2;) > 0,
j=1,...,k, where k is defined above. Then

n=1y_ ai. (9)
i=1

Proof (See [12]) Since n € span{¢; |i = 1,...,m}. We prove that n = Y 1", a;&;, a; > 0,
i=1,...,m. Indeed,
Vo: {&,z) >0,i=1,....m=2 € R"NRP =z € K.
Therefore, x = f121 + ... + fBrar, 21 = 21,...,2r = 25, B; >0, j =1,...,7. Consequently,
<’I’],l’1> > 07"'7<7771:7'> >0= <777/811:1 ++BT‘TT> = <77,$> > 0.
Thus, the assumptions of Farkas’ lemma are satisfied, which yields (9). 0

6 On the Reduction of Optimization Problems with
Inequality Constraints to Equality-Constrained
Problems

When solving optimization problems with inequality constraints of the form (2), it is
often convenient to transform the inequality constraints into equality constraints by
introducing artificial variables.

The strict complementarity (SCS, cf. Evtushenko [9]) is commonly introduced to
ensure that the optimality conditions for problems with inequality and equality con-
straints are equivalent. Otherwise, the two sets of optimality conditions are generally
not equivalent, and such a reduction is of limited practical value (cf. [4]). To explain
this, we introduce the Lagrangian for the problem (2):

L(z, \) = o(x) + Z/\igi(z)'



The first-order necessary Kuhn—Tucker optimality conditions are

Ly(x,0) = ¢'(2) + Y Nigi() (10)

i=1i
and the complementary condition
Nigi(r) =0, \; >0, i=1,...,m. (11)

The second-order sufficient optimality conditions for problem (2) are as follows.
if at a feasible point x*, (g;(z*) < 0,4 =1,...,m), the necessary conditions (10) and
(11) are satisfied for some A* and

(L (a*, A")h,h) >0, Vh#0, (12)

such that (gj(z*,h)) <0,i¢e I(z*)={i e {1,...,m} | gf(x) = 0} then z* is a local
minimum point of the problem (2), cf. Polyak [23].

For equality-constrained optimization problems, feasibility of the candidate solu-
tion is automatically enforced by the constraints themselves. This property does
not hold for the inequality-constrained formulation (2), since conditions (10) and
(11) alone do not guarantee feasibility. Therefore, we reformulate problem (2) as
an equality-constrained optimization problem by introducing artificial variables s =
(81,--+y8m)T

p(2*) = min p(z)

. , (13)
subject to g;(z) +s7 =0, i=1,...,m.

The problems (2) and (13) are equivalent (cf. [11]). The necessary optimality conditions
for the problem (13) are as follows.

¢ (@) + > Xigi(x) =0y,
i=1

281 8
0

Mo [ ] =0m =22, (14)
0 25m

gi(x)Jrsf:(), i=1,...,m,

where A\s = (A151,..., Amsm)?. The system (14) does not determine the signs of the
multipliers \;. However, feasibility of the solution follows directly from system (14).
Let us denote g;(z,s) = gi(x) + s?, i =,...,m, and introduce the Lagrangian of the
problem (13):

L(x,5,\) = o(x) + Z Ai (gi(m) + Sf) ) (15)



Let g(z) = (g1(x), ..., gm(x))", 2 = (s},...,s2 )T. Assume that the constraint reg-

e m

ularity condition (CRC) holds at the solution z* if the vectors {g;(z*)}, i € I(z*) are

linearly independent. Then the sufficient optimality conditions mean that the matrix
() (@", 8%, A") is positive definite on the tangent space Ker §'(z",s") i.e.

(L (x*,s*, \*)h, h) > a|h|)?, a >0, Vh € Ker g'(z*,s"). (16)

However, the matrix L”_(z*,s*, \*) is not positive definite on g’(z*, s*), if the con-
dition SCS does not hold, that is. A] and s; do not vanish simultaneously for
i =1,...,m. That is, the sufficient conditions (12) and (16) are not equivalent. This
is because the second-order necessary conditions for equality-constrained optimization
can be weakened, leading to weaker sufficient optimality conditions. Let us explain the
following. Suppose that there exists hy € Ker F'(z*) for the problem (8) such that

(LY (", X\*)ha, ha) =0 (17)

L(z,\) = o(z) + > Aifi(z) and hence the second order sufficient conditions are not
i=1

fulfilled. Let Ker F_/(x*) = R?} and R} = (R})*. Then R"” = R} + R%. The following
theorem holds (see, e.g. [10]).

Theorem 6 (Necessary and sufficient optimality conditions of a special kind) Let ¢, F' €
C3(R™) and for any hy € Ker F'(z*) (||h|| = 1) such that

Ll (2, )\*)[hg]2 =0 or (Lgm(ac*,)\*)hg = 0) ,
the following conditions hold
IF" (@")[ha]?]| > o > 0, (18)
and there exist h1 € RS and c(ha) > ¢ > 0, ||h1|| = 1 which satisfy the relation
* 1 *
Pl + 5 @ )e(ha)ha)?® = 0. (19)
Then, (necessity) if = is a solution of (8) then 3 X\* such that Ll(xz*,\*) = 0 and
Ly (a*, X)[m]? > 0. (20)
Moreover, (sufficiency) if Yhi, ha satisfying (18) and (19) there exists 8 > 0 such that
L (z*,\*) =0 and
L' (@, \)[)* > 8 >0, (21)

then x* is the local minimum of the problem (8).

Remark 2 The element h; may not belong to Ker F’(z*).

Proof of Theorem 6. (see [10]) Necessity: We show that Vt € (0,¢), ¢ > 0 and sufficiently
small, there exists w(t) : R — R", such that the arc

v(t) = a* + cathg + t2h1 + w(t) € M(z*) = {z € R" | F(z) = F(z*) = 0}



and [jw(t)|| = o(¢?). In fact

F(x* 4 cothy + t2hy) = F(z*) + F'(2%)[cathg + t2hq] +
%F”(m*)[czthg + 12012 + o(t?) = (22)
— 2F 2%k + %F”(x*)[CchQ]Q +o(t?) = o(#?).

+

Since F’(z*) is nonsingular we can apply the contraction mapping principle (cf. [17]) to the
mapping

Oi(z) =2 — (F'(2*)) " F(z* + cathy + t2hy + ) (23)
which implies the existence of w(t) such that
F (:r + eoths + 2hy + w(t)) ~0 (24)
where
lw(®)|] = 0(t2) and ¢z > 0 independent constant. (25)

Next, we apply the standard technique to the relation
L(x* 4 cathg 4+ t2hy +w(t), A*) > L(z*, \*) and we get L7, (z*, A*)[h1]? > 0. This completes
the proof of necessity.

For sufficiency, assume the contrary. There is a sequence of points {z} € M(z*) and
zp, — x* for k — oo such that p(z) < @(z*), using the proof of necessity and the standard
technique of proving the sufficiency conditions, we come to a contradiction with the relation
(21). O

Ezample 1 ([12]) Let us consider the problem (13) in the form
min ¢ (y) (26)

for F(z) = g(y) + s> = O, Here the optimization variable is (y, s). To avoid confusion with
the notation used previously, we replace x with y in the problem (2). If the point (z*,s),
s* = 0 is a solution to the problem (2), then for hy = (0,5)" there exists h; = (7,0) " such
that

/()] + L " @) Rl = 0. o' (57)5 + 325° = 0. (27)
Since the optimality conditions are local in nature, we will consider only active constraints,
that is, i € I(z*) and, without loss of generality, we consider 7 = m. The condition (18) is
satisfied if § # 0, the condition (19) is satisfied due to the regularity of constraints {g;(x)},
i =1,...,m at the point *, with co = 1. Thus, for problem (13) Theorem 6 applies since
L’ zo(x*, N)[h2]? = 0, although hy = (0,5)" € Ker F'(z*) = {(#,5)|¢'(¥*)7 + 0 - 5 = 0}.
Moreover, the following equivalence theorem holds.

Theorem 7 (Equivalence of Optimality Conditions) Let ¢, g € C3(R™). Then the optimality
conditions (10), (11), (12) and (21) are equivalent.

Proof (See [10]) Tt is necessary to check only a sufficient part of the optimality condi-
tions. Assume, that conditions (10) — (12) are fulfilled. Then, taking § # 0, we get
7 = {g'(y")} ~1(—5?) from the condition (19). Moreover, L%, (y*,s* \*)[y]?> > B||g|?, due
to the sufficient conditions (12). Here § plays the role of h; in Theorem 6 and therefore
(21) holds, and hence the sufficient conditions of Theorem 6 are satisfied. This proves one
implication.

10



Now, suppose that the sufficient conditions (21) for the problem (26) are satisfied. Then
Vh ¢’ (y*)h < O, there will be 5 # 0 and, therefore, (21) holds for hy = h, i.e.
Lo (y*,0,X*)[h]* > B||h||?, which means that L, (y*,\*)[h]* > B||h||*, where L(y, \) plays
m

the role of the function L(z,\) = ¢(z) + > Aj;gi(z) in the problem (2) and finally, the
i=1

sufficient conditions (12) for the problem (2) are satisfied. This completes the proof. O

7 The 2-Factor Method for Solving Degenerate
Systems of Nonlinear Equations

Numerical methods for solving systems of nonlinear equations, particularly those aris-
ing from first-order optimality conditions, are typically based on Newton’s method
(cf. [9]). However, if the Jacobian matrix ®'(*) is singular at the solution z*, then
Newton’s method whose iterative scheme is

Thr = x5 — {F'(xp)}  Flzy), k=01,..., (28)

may fail or become inapplicable. In this case, the 2-factor method can be applied.
It guarantees convergence and, moreover, quadratic convergence under suitable
assumptions. In the general setting, the 2-factor iteration takes the form

Tii1 =z — {® (x1) + PO (2p)h} " (®(2p) + PP (zp)h),  k=0,1,..., (29)

where P denotes the orthogonal projection onto (Im @’ (ac*))L and h is a fixed unit vec-
tor satisfying {®'(z*) + P®"(«x*)h} is nonsingular, i.e. the mapping ®(-) is 2-regular
at * in the direction h. In this case, the following theorem holds (see, e.g. [10]).

Theorem 8 Let & € C3(R™) and ®(-) be 2-regular at the solution x* in the direction h.
Then, for every xg € Us(z") the sequence {xy} generated by (29) converges to the solution

z*, and the quadratic convergence rate is valid:

* *112
legrr — || =c- Jag — 277, k=0,1,..., (30)

where € > 0 is sufficiently small where ¢ > 0 is a constant independent of k.

The proof can be found in [3]. In the next section, we show how the 2-factor
method can be applied to solve optimization problems with inequality constraints after
introducing artificial variables.

8 The 2-Factor Newton Method for Degenerate
Kuhn—Tucker Systems

When solving optimization problems with inequality constraints by introducing arti-
ficial variables, it is usually necessary to assume the strict complementarity condition
(SCS) to ensure that the Kuhn—Tucker system is nonsingular. Otherwise, the applica-
bility of Newton-type methods cannot, in general, be guaranteed. In this section, we

11



investigate the effectiveness of this approach from the point of view of applying the
2-factor method to solve systems of degenerate optimality conditions and prove that
the resulting Kuhn—Tucker system is 2-regular. Accordingly, the problem (2)

min ()
gi(z) <0, i=1,...,m,

is replaced by the equivalent problem (13)

min ¢(z)

gi(r)+s7=0, i=1,...,m.
Consider the Lagrangian
L(z,5,)) = p(x) + (g(z) + s, \), A eR™,

and denote u = (z, s, A). Then,

L,(u)

L'w)=1 2Xxs |, (31)
g9(x)+>
Law () Opm (g2(2))7

L"(u) = Opmn 2A 25 , (32)
gz(x) 25  Opm

where A = diag (A), S = diag (s). Consider the system of ¢ nonlinear equations

L' (u) = 0y, (33)

where £ = n + 2m. Let u* = (z*,s%,A*)T € R’ be the solution of (33). If \* > 0,,,
L'(u*) = 0y, then first-order necessary optimality conditions for the problem (2) are
satisfied at the point (z*, A*). If, in addition, the second-order sufficient conditions (12)
hold, then the point z* is a local solution to the problem (2). However, the presence of
the inequality A* > 0,,, does not yield a system consisting solely of equality constraints.
Therefore, we replace the inequality A > 0,,, by the equivalent system of equations

A =42 =0, (34)

where y € R™ | y? = (y2,...,92) " and consider the extended system

W(z) = (Aﬁl(_“)yz> _ <OOZ> ~ 0, (35)

where z = (z,5,\,9)", r = n 4+ 3m. Thus, the inequality-constrained optimization
problem is transformed into a system of nonlinear equations. Moreover, the necessary

12



Kuhn-Tucker conditions are satisfied at the solution (x*, A*), and now A\* > 0. Let

Lza: (U) Onm (gw (w))T Onm
Opn 2A 25 Opm
9z (J}) 28 Omm Omm
Omn  Im Omm 2Y

V'(z) = ; (36)

where Y = diag(y). Here I,,, is the identity matrix of a dimension m x m. Newton’s
method for solving system (35) has the form

L W(z). (37)

zir1 = 2p — (9 (z1))
If SCS is not satisfied at the solution z*, then the matrix ¥/(z*) is singular and the
method (37) does not guarantee convergence. The so-called 2-factor Newton method
for solving the system (35), which guarantees quadratic convergence, is constructed
below. Following the approach of [3] and [5], the mapping

P(z) = ¥(z) + PY'(2)h (38)
is introduced and 2-factor operator
' (2) = V'(2) + PY"(2)h, (39)

where the rxr matrix P denotes the orthogonal projection ¥ (z*)h onto (Im ¥’ (2*))*.
An r-dimensional vector h with unit norm is chosen from the condition that ®’(z*) is
singular. Note that the matrix P can be chosen, in general, simply from the condition
that the 2-factor operator ®’(z*) is nonsingular.

Theorem 9 Let ¢, g € C3(R™), there emists z* satisfying system (35). Assume that at
(z*,2%) the sufficient optimality conditions for (12) and the constraint regularity condition
are satisfied. Then 2-factor operator ®' (2*) is nonsingular.

See []gj, [12] We show that the mapping W(z) is 2-regular at the point 2* along RT =
(O,—ll—7 O0m, e(—)r, eir), where ey € R"™ and each i-th component of ey equals one if
1€lp(z")={iel(z™)|,\] =0, s; =0}, and zero otherwise. Moreover, e; € R™ and each
i-th component of the e; vector equals one if A} = 0, and zero otherwise. Define a matrix

(P/(z*) _ \Ill(z*) + P\Il//(z*)h _

Laz(2") Onm (gz(z*) " Onm
| omn oAt 200 287 Omm (40)
Omn Im Omm 2y* +2J1 (CL‘*)

where the r x r-diagonal matrix P has the i-th diagonal element equal to zero, if 1 < i < k or
k+m+1<i</{ For k+1 < i< n+m the i-th diagonal element equals one if i —n € Iy(z™),
and zero otherwise. For £+1 < ¢ < r the ith diagonal element equals one if i — ¢ € Ip(z*), and
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zero otherwise. Moreover, the m x m diagonal matrix Jy(z*) has the j-th diagonal element
equal to either zero or one, if j € Iy(z*). In turn, the m x m diagonal matrix Ji(z*) has
the j-th diagonal element equal to one, if j € Ip(z*) and zero otherwise. It follows that for
h=07,0",ed,e] )" we get

Omn 2Jo(z*) Onm  Omm

P\I/// * h _
(z ) Omn Onzm Omﬂ’l Onzm
Omn Omn Omm 2J1 (CL'*)
which proves (19) and establishes the nonsingularity of the operator ®'(z*). O

Consequently, the 2-factor method applied to the system (35) has the form
Zh4l = 2k — (\I’/<Zk) + P\I/”<Zk)h)_1 (\Il(zk) + P\Il’(zk)h) , k=0,1,.... (41)

Theorem 10 Let U € C3(R") and for h € R”, ||h|| # 0. Assume that the operator W' (z*) +
PY'(2*)h is nonsingular. Then 2-factor method (41) converges locally to the solution z* of
the system (35) with a quadratic rate of convergence, i.e.

lzrp1 — 2% < ellze — 2113 k=0,1,...,
where zg € Ue(2"), € > 0 is sufficiently small, and ¢ > 0 is independent of k.

Proof The proof follows from the fact that the 2-factor method (41) is the usual Newton
method applied to the system

U(z) + P¥ (2)h =0, (42)
since z* is simultaneously a solution of (35) and (42) all assumptions required for the local
quadratic convergence of Newton’s method are satisfied. O

9 New Properties of Smooth Convex Functions and
Newton’s Method

Consider the unconstrained minimization problem for a smooth convex function ¢(x),
where = € R™, which is sufficiently smooth in a neighborhood of the minimizer z*.
Classical convergence analysis of Newton’s method assumes that the Hessian matrix
" (z*) is positive definite to obtain quadratic convergence (or, more generally, super-
linear convergence). Newton’s method has been extensively studied in the literature
(see, for example, [7]. In this section, we show that even if the Hessian matrix is sin-
gular at the minimizer z*, in a neighborhood of this point the range of the objective
function ¢’(z) belongs to the image of its second derivative and, therefore, the New-
ton’s system with respect to the direction of descent is resolvable for every point in
this neighborhood, i.e.

(@) 2 = ¢ (a) (43)
is solvable with respect to z for any « € U.(z), where € > 0 is sufficiently small. Thus,
we can apply the Newton’s iterative minimization scheme:

wppr = ak — (@ (@) T @ (@), k=0,1,..., xo € U(a*), (44)
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where (¢”(21))”" denotes any right inverse of the Hessian operator. Moreover, the
sequence generated by (44) converges linearly to the minimizer which appears not to
have been reported previously in this form. This new topological property of convexity
(43) and extremality offers a new perspective at numerical optimization methods.

Theorem 11 Let ¢ : R™ — R be a sufficiently smooth convez function. Assume that all
derivatives involved are uniformly bounded in some neighborhood Ue(x™*) of an isolated min-
imizer ¥ in argument and with respect to the order of differentiation, then for any point
x € Ue(x™) the system

is solvable with respect to z.

Ezample 2 For a nonconvex function, Theorem 11 is not valid. If o(x) = 2% + (2 — z1)? at
the points zo = 4 - % belonging to an arbitrary sufficiently small neighborhood Ue(0) the
system (43) is not solvable.

For Newton’s method (44), the following theorem holds.

Theorem 12 If the assumptions of Theorem 11 are fulfilled then for the iterative sequence
{z}} generated by iteration (44), the the convergence is linear, i.e.

lzpi1 — 2| < g [lag —2"l, k=01, (45)
where q € (0,1) and zg is any point belonging to a sufficiently small neighborhood U(x™).

Proofs of theorems 11 and 12 can be found in [7].

10 Examples of Degenerate Applied Problems

In this section, we present two representative degenerate applied problems, one of
which arises in operations research, the so-called Perfect Partition Problem, whereas
the second is the classical Rod Bending Problem arising in elasticity theory. We show
that those well-known problems are degenerate at their solution points.

10.1 The Perfect Partition Problem

In operations research, number theory, and theoretical computer science, the Perfect
Partition Problem is a well-known NP-complete problem (see [15]). However, owing to
the existence of pseudo-polynomial-time dynamic programming algorithms and numer-
ous heuristic methods, that solve many instances, either exactly or approximately, it
has often been referred to as ”the easiest hard problem” (cf. [19]). The Perfect Partition

Problem consists in partitioning the index set I = {1,2,...,n} of the integer-valued
vector A = {aj,as,...,a,} into two disjoint subsets I; and I such that
Zai: Zaj, where [ Ul =T and [ NI, = &. (46)
i€l VISP
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Let us assume that the Perfect Partition Problem (46) has a solution. In this case (46)
is equivalent to finding a nontrivial solution of the system of quadratic equations.

2 2
To—Ty

F(z) = . : . , F(z)=0. (47)
alflajﬁ--i;nwn
The Jacobian matrix F'(z*) is singular because for the solution x* is implied by the
following identity
F'(z) = diag(2,...,2,1) - F(x).

Consequently, the classical Newton method cannot be applied to find the solution
2*. Under suitable assumptions, however, the mapping F' is 2-regular along h € R™,
||h]] = 1, i.e. matrix F"(z*) - h is nonsingular. In this case 2-factor method described
in the chapter 7 can be applied to find the solution of the system (47) in the form of
an iterative scheme:

Tpt1 = T — {F/(:Ek) +pFH(£L’k) . h}il (F(l?k) +PF/(:L‘k) . h), k= 0,1,...,

which converges to z* in a sufficently small neighborhood, i.e. 2y € Uc(z*), where
€ > 0 is small.

10.2 Rod Bending Problem

Consider the Rod Bending Problem from elasticity theory. The problem is governed
by the equation B

F(z,0) =2 + (1+6)(x+2?) =0, (48)
where

F : C?%0,7] x R = C[0,7] and z(0) = z(x) = 0.

The objective is to determine a solution of (48) x(J) depending on the small parameter
d > 0. The point (z*,*) = (0,0) is the trivial solution of the problem (48). The first
derivative of the mapping F(z,J) is as follows

2

F'(w,0) = [F(x,0), Fj(,0)] = |-—

+ (14 6)(1 +22),x + 22

In this case F(0,0) = j—; + 1 and F3(0,0) = 0. The Fréchet derivative F'(zx,d) is
singular at the point (z*,0*) = (0,0). The boundary value problem . + 1z = sint,
z(0) = z(m) = 0 has no solution and F(0,0) is not surjective. Therefore, neither the
classical Newton method, the Poincaré small-parameter method, nor other numerical
methods based on the nonsingularity of F/(0,0) are applicable. However, the 2-factor
operator F’(0,0) + PF"(0,0)h is not singular in the direction of a vector h # 0, i.e.
the mapping F' is 2-regular along i and the 2-factor method described in Section 7
can therefore be applied for finding a solution z(d) of (48) which depends on a small
parameter § > 0.
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11 Concluding remarks

This paper presented alternative proofs of several classical results in nonlinear opti-
mization and established new connections between optimality conditions, Farkas’
lemma, cone closure, and p-regularity theory. These developments provide a unified
perspective on several fundamental topics in optimization and suggest new possibil-
ities for the analysis of degenerate optimization problems and the development of
Newton-type methods.
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