BOS / SOR | XVI Conference

Polish Operational and Systems Research Society
2020 Warsaw, Palais Staszic, December 14-15, 2020 (Monday-Tuesday) =~ '

Model of a minimal risk portfolio
under hybrid uncertainty

Alexander Yazenin Ilia Soldatenko

Tver State University, Tver, Russia



Introduction

We investigate the architecture of some models for a minimal risk
portfolio under conditions of hybrid uncertainty of possibilistic-
probabilistic type.

In our work attention 1s paid to the study of situations when the
interaction of fuzzy model factors is described by both the
strongest and weakest t-norms, which allows us to assess the
range of risk changes and the behavior of a set of acceptable
portfolios, that 1s, to manage uncertainty when making
investment decisions.
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‘ Necessary mathematical apparatus

Definition 1. Fuzzy random variable Y (w,~) is a real functionY : 2 xI" — E*
o-measurable for each fired v, where

py (@) =y e 1Y (w, 7) = 1}
15 called its distribution function.

It follows from Definition 1 that the distribution function of a tuzzy random
variable depends on a random parameter, that 1s, it 1s a random function.

Definition 2. Let Y(w,~) be a fuzzy random variable. Its expected value E[Y]
15 a fuzzy variable with posstbility distribution function

uppy) () =m{y € I : E[Y (w.7)] = 1},

where E is the expectation operator

E[Y (w,7)] = fﬂ Y (w,7) P(dw).
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‘ Necessary mathematical apparatus

Definition 3. A covariance of fuzzy random variables X and Y is defined as:
1

cov (X,Y) = % / (co‘u (X5 (@),Y] (a)) + cov (X (o) Y] () )dﬂi? (1)
J O

where X (o) Y (), XT (a) Y. (a) are left and right boundaries of a-level sets
of fuzzy variables X, and Y,,.
Definition 4. A variance of a fuzzy random variable Y 1is

D[Y] = cov(Y,Y).

Definition 5. Z(v) is called an LR-type fuzzy variable, if its distribution func-
tion has the form

L(E:).fart{m.
JUJZ(t):< 1:f0'rﬂﬂt{_:ﬁa
t__ﬁ) . fori =m.

B3

where L(t) and R(t) are shape functions.
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Necessary mathematical apparatus

We will use triangular norms (t-norms) to aggregate fuzzy information. These
norms generalize "min" operation inherent in operations on fuzzy sets and
fuzzy variables (see Nguyen et al. (1997)). The following t-norms are of
particular interest:
Ty (x,y) = minfx,y} and Ty (xy) = | 000D I maxto vy =1
0, else,

Ty, 1s called the strongest, and Ty, is called the weakest t-norm, since for any
arbitrary t-norm 7 and Vx,y € [0,1], the following inequality holds (see, for
example, Nguyen et al. (1997)):

Tw(x,y) <T(x,y) < Ty(x,y).
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Portfolio return under hybrid uncertainty of
possibilistic-probabilistic type
Under conditions of hybrid uncertainty of possibilistic-probabilistic type, the

return on an investment portfolio can be represented by a fuzzy random
function

Rp (’LU’, W, y) — Z?:l Ri ((1), y)wl ’ (2)
which is a linear function of equity shares w = (w7, ..., w,) in the portfolio.

Here R;(w,y) are fuzzy random variables that model the returns of individual
financial assets with the help of shift-scale representation (see Yazenin (2016)):

Ri(w,y) = a;(w) + g;(w)Z;(y). (3)
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Expected Portfolio Return Under
Conditions of Hybrid Uncertainty

Further we assume that fuzzy variables Z;(y) = [ml-, m;, gi,Ei]LR in representation (3)

are mutually T-related, where T € {Ty, Ty}, and a;(w),o;(w) are shift and scale
coefficients — random variables defined on a probability space (2, B, P), with o¢;(w) =
0. Then possibilities distribution of the portfolio return (2) takes the following form

RE (w,0,y) = |mg, (w, @), Mg, (w, @), dgy (w, ), dig (w;, @), (4)
where

g, (1, 0) = D (@) + oi(@)m)wi, T, (w,0) = ) (@) + o(@))w,
i=1 i=1

and the coefficients of fuzziness take the form depending on the type of T:

n n
iR{‘f (w,w) = z o;(w)d;w;, HR%‘,/[ (w,w) = z g; (a))aiwi ,
i=1 i=1
when T = Ty, and in case of T = Ty:
QRg/(w, w) = iga)%{ai (a))giwi}, ng/(w, w) = i=1£.l.).$l{o-i (a))diwl-}.
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Expected Portfolio Return Under
Conditions of Hybrid Uncertainty

Theorem 1. Let T = T,;. Then expected portfolio return ﬁg’ (w,v) is characterized by the
possibilities distribution function

RY (w,y) = E[RY (w, w,1)] = [ma, (w), g, (), dan (), dig (w)]LR ,

where

n n
me, (W) = ) (& + Gimy)wi,  Tig,(w) = Y (@ + 6w,
i=1 =1
n n
doy(w) = ) Gidiw, Ay (w) = ) Gidswi, & = Elai(@)],6; = Eloy(@)]
i=1 i=1

Theorem 2. Let T = Ty,. Then expected portfolio return ﬁg’ (wr,y) is characterized by the
possibilities distribution function

pW _ w N — A =
Ry (w,y) = E[Rp (w, w, )/)] = lme (w), mg, (w),gRg/(w), ngv(w)]LR )
where

dpy (w) = E| max (o;(0)diw}|, dgy (w) = E| max {o(w)dyuwr}].
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Models of acceptable portfolios under hybrid
uncertainty of possibilistic-probabilistic type

In accordance with the classical Markowitz (1952) approach, we need to construct a
portfolio risk function in the minimal risk portfolio model.

rr{}?g (w,y) R my} = aq,
n
FPE(w) = - =

where E} = {x € E" : x = 0}, }?g (w,y) — expected return, R — crisp relation {>,
=}; o € (0, 1], my — level of profitableness, acceptable to an investor, T €
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Models of acceptable portfolios under hybrid
uncertainty of possibilistic-probabilistic type

The following theorems allow us to construct equivalent deterministic
analogs of acceptable portfolio models.

Theorem 3. Let in the constraint model Ff* v = 'nt’, R = '=". Then the
equivalent deterministic model of acceptable portfolios has the form.

(N
E(di + 6;m;)w; + aﬁg(w) * R™1(a) = my,
Fan(’w’) = 9 = n
Wi = 1,
i=1
\ w € IEZ}_
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Models of acceptable portfolios under hybrid
uncertainty of possibilistic-probabilistic type

Theorem 4. Let in the model of acceptable portfolios FpTE =V, R="2="

Then the equivalent deterministic model of acceptable portfolios takes the

form:
(n

Z(ai + 6;m; )w; — dpr(w) * L7 (1 — a) =2 my,

=1
EYE(w) = l

\ w € EL.
From theorems 3, 4 we get

Corollary 1. B®(w) € B (w).
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Models of accep

table portfolios under hybrid

uncertainty of possibilistic-probabilistic type

In case when portfolio return (2) is included in the system of restrictions,
the hybrid uncertainty can be removed by imposing a limit on the

possibility/necessity and

probability of an acceptable level of return.

Formally, the mathematical model of such a constraint can be written as:

FfP (w) = <

rT{P{Rp (w,w,y) R md} > po} > ay,
n

Wi = 1,
i=1

\ w € EZ,

where P — probability measure, py € (0,1] — probability level.
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Models of acceptable portfolios under hybrid
uncertainty of possibilistic-probabilistic type

For further analysis we will need the following notation and concepts. We
denote by t = (¢4, ..., t;;) — a vector whose components are possible values
of fuzzy variables Z;(y), ..., Z,(y) respectively. For the strongest t-norm
with the possibility of py (t;), the return of the i-th financial asset is a
random variable Z;'(w) = a;(w) + o(w)t; , and RL(w,w) =
i 1(ai(w) + 0;(w)t;)w; is return on the portfolio with the possibility of
up(t) = min {uz,(t,)}.
Then, following Yazenin (2016), with the possibility of 1, (t), the expected
return and risk of the portfolio are determined by the formulas

n
mg, (w, t) = E[R)(w,w)| = Z(&i + 6;t;)w;
i=1
and

2
dp,(w,t) = E [(R,g(w, w) = mg, (0, ) ]
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Models of acceptable portfolios under hybrid
uncertainty of possibilistic-probabilistic type

Using standard transformations we obtain the following formula for the
variance with the possibility of u,(t) (see, for example, Yazenin (2016)):

n n
dRp(/LU', t) = ZZ Cij(ti' tj)wiwj,

i=1j=1
in which
Cij(ti' t]) = Caiaj + CajO'itj + Cajaiti + CO'iO'jtitj'
Caiaj = cov(ai,aj), Cajal. = cov(aj,al-), Cajai = cov((fj, al-), Caiaj = cov(al-, O'j).
Function dRp (w, t) has properties that are due to the properties of the

covariance matrix C with elements ¢;;(¢;, t;):
. dRp (w, t) is a convex function on w for a fixed t;

« for any vectors w and t function dRp (w, t) is nonnegative;

. dRp (w, t) is a convex function on t for a fixed wr.

The function dRp (w, t) can be written with the help of matrix C as
dr, (w, t)=(C w, w).
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Models of acceptable portfolios under hybrid
uncertainty of possibilistic-probabilistic type

Lemma 1. Let in the constraint model FpTP (w) random parameters are
normally distributed: a;(w) € N, (c’ii, aai), oi(w) EN, (6l-, dai),i =
1,..,n; fuzzy parameters Zy(y),...,Zy(y) are Ty-related, u,(t) = ay.
Then with the possibility of p,(t) system of restrictions Eff(w) is
equivalent to the system

.
Mg, (w,t) + ﬁo\/dRp (w,t) = my,
FHP :< n
p (/LU') w; =1,
i=1
\ w € IE:l_,

where By — is a solution to the equation F(x) = 1 — py, and F5(x) —is a
function of the standard normal probabilities distribution.
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Models of acceptable portfolios under hybrid
uncertainty of possibilistic-probabilistic type

The Lemma proved above allows us to prove a theorem with the help of which an
equivalent deterministic analog of the system FpTP (w) can be constructed.

Theorem 5. Let in the constraint model FpTP (w) random parameters are normally
distributed: a;(w) € J\/’p(di, &ai), o;(w) € ]\/’p(ﬁi, czai),i =1,...,n ; fuzzy
parameters Z{(V),...,Zy(y) are Ty -related, t©="n'. Then the system of
restrictions FpTP (w) is equivalent to the system

2

me(w, tt) + ﬁo\/dRp(w, tt) = my,

EP(w) = 1 n
p ( ) wi; = 1,
i=1
\ w € EL,
where mp (w, tt) =3 (@; + 6;t;)w, dr, (w, tt) =

?=1 Z?:l Cij(ti-l_, tfl_) wiwyj, and t

ot

i tj areright borders of ay-level sets of fuzzy

variables Z;(y), Zj(y), respectively.
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Assessment of portfolio risk with hybrid
uncertainty

In accordance with the indicated approach to determining second-order moments, we can
determine the variance of the portfolio to assess its risk. We need to obtain formulas
(variances) for the case of both the strongest and weakest t-norms.

With T = T, formula (1) takes the form
1 1
D) (w) = Ejo (D[RY~ (w, w, a)| + D[RY* (w, w, @)])da,

where Ry~ (w, w, @) and R} (w, w, a) — are left and right boundaries of a-level set of

fuzzy random variable R} (w, w, @):
n n

R}~ (w,w,a) = Z(ai(w) + 0y (w)m; )ur; — Z o;(w)djw; * L™ (a),

i=1 i=1

Rt (w,w,0) = ) (a;(w) + oy(@)m)w; + ) g(w)dyw; * R (a).
) 2
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Assessment of portfolio risk with hybrid
uncertainty

If all random parameters of distributions are independent, then after standard
transformations we get the formula for the variance:

DY (w)

= Z <D[ai ()]

1 . — 1
0

1
R Y (a)da — Zmigij L (a)da
0

1 1
+ d; f (R‘l(a))zda + gfj (L‘l(a))zda>> wi.
Jo 0
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Assessment of portfolio risk with hybrid
uncertainty

Note that if in fuzzy random variables the fuzzy components are given by LR-
type fuzzy numbers with the same left and right shapes and coefficients of

fUZZiHGSS, 1.e. L(CZ) = R(C() = S(CX), Va and ﬁi =m; =m,, di = ii = di,i =

1, ..., n, then the variance formula can be simplified:
n

D) (w) = Z (D[ai(w)] + D[o;(w)] <m12 + d?f Jl(s—l(a))zda>> w?.
0

i=1

Example 1. In case when shift and scale coefficients a;(w), o;(w) are uniformly
distributed over the segment [0,1] and independent, and the shape function
S(t) = max{0,1 —t}, t = 0, we obtain the following formula for the variance:

n
1 1
D) (w) = EZ (mlz +§di2 + 1>wi2.
=
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Assessment of portfolio risk with hybrid
uncertainty

We now define the variance for the t-norm Ty,. To do this, we will again use
formula (1) to find the covariance of two fuzzy random variables. For the
weakest t-norm, the formula for finding the variance takes the form:

1
DY (w) = %j (D[RY~ (w, w, @)| + D|RY * (w, w, a)])da,
0

where Ry~ (w, w, a) and R}’ * (w, w, a) are respectively left and right
boundaries of a-level set of portfolio return — fuzzy random variable
RY (w,w,v):

RY~(w,,0) = ) (ay(@) + o1 (w)my s — max {oy(@)dyawi} + L7 (@),

=1

Ry (w,w,a) = Z(ai (w) + g;(w)m)w; + l_lznla)%{ai (w)d;w;} * R (a).

=1
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Assessment of portfolio risk with hybrid
uncertainty

After appropriate transformations, the final formula for variance, which allows us to
determine the risk of the portfolio, has the form:
DY (w)

= =) w?(Da(@) + o@)m] + Dla,() + o (w)m,])
i=1
1 = ' 1 1
+2D | max {o; (@)djuw;} fo (R (@) da + 5D | max o))} jo (57(@) da
+ Z Wi, (cov ((ai(a)) + oy(w)my), (a;(w) + Jj(“))mf))
1<i<j<n
+ cov ((ai (@) + 0;(w)my), (a;(w) + Uj(w)mf)))
n 1
+ ; w; <j0 R~ (a)da cov ((ai(a)) + Gi(a))mi),jgllaj(n{cﬁ (a))ajwj})
1

_ j L Y(a)da cov ((ai(a)) + o; (a))mi),jrplax {aj (w)@w,-})).
0 =1..n
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Assessment of portfolio risk with hybrid
uncertainty

If all random parameters of distributions are independent, then:
Dy (w)
n

= 3w (2Dl (@) + Dl (@) (i + m?))

+ ;D ]r_nax Uj(w)d W'y ” 1(a) da+ D l max {aj(a))d w]}” 1(a))2 da

+ ;’W’i < fO R~ (a@)da cov ((Cli (w) + oi(w)my), max. {aj (w)d; wj})

1
_ j L Y (a)da cov ((ai(a)) + 0;(w)m;), max {aj(a))gjwj}))
0 =1l..n
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Assessment of portfolio risk with hybrid
uncertainty

If in all distributions the fuzzy component is given by LR-type fuzzy numbers
with the same left and right shape functions and coefficients of fuzziness, then the
terms with covariance are mutually eliminated and the variance formula can be
simplified:

DW(W)

ZwZ(D[al(w) + D[o;(w)]m?)

+D [ max {0] (w)d; /w]}] j (5™ 1(a)) da. (5)
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Assessment of portfolio risk with hybrid
uncertainty

Example 2. Let the shift and scale coefficients a;(w), o; (w) are uniformly distributed over
the segment [0,1] and independent the formula (5) under the corresponding assumptions
and for S(t) = max{0,1 —t},t = 0 takes the form:

n
1 1
DY (w) = EZ wi(m?+1)+ 3 (EMaxZ(dw) — (EMax(dw))z),
=1
where l

EMax(dw) =E Lga)%{ai(w)diwi}]

_ i (d’l«U’)?i;H_l
= (Tl — 1+ 1)(Tl — i+ 2)(d/L(Y)(i+1) (dw)(n) ’

EMax2(dw) = E [(iglﬁ).%{ai(w)diwi})z]

i Z(d’LU’)?JH_Z
B = (Tl — i+ 2)(Tl — 1+ 3)(d/L(Y)(i+1) (dw)(n) ’

and (dw)(), ..., (dw) ) 1s an ascending permutation of elements {d;ury, ..., dywy}.
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Minimum Risk Portfolio Models

Based on the results presented above, the minimum risk portfolio
models can be written as:

DI (w) — min, (6)
w € F,(w), (7)

where F,(w) € {F", EYE, E¥Y EYP) and T € {M, W},
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Numerical Calculations

We consider an example of two-dimensional portfolio (n=2). Let Z; =
[2.2,2.2,0.3,0.3];r , Z,=11.2,1.2,04,0.4];r , L(t) =R(t) =max{0,1—t},t>
0,a = 0.75. Recall that all a;(w),o;(w) are independent random variables with a
uniform distribution on the segment [0,1]. We first specify the minimum risk portfolio
models for the weakest t-norm:

73 61 1
150 —wi+— 300 3 (EMaxZ(dw) — (EMax(dw)) ) — min,
1.6W1 + 11WZ + 025 k% EMaX(d’LU’) 2 md’
Fan(w) = wy + w, = 1’
wy, W = 0;

and in the context of a necessity measure:

I . (EM 2(dw) — (EMax(dw)) ) ;
— -
Too W1 300w2 3 ax2(dw ax(dw min,
1.6w; + 1.1w, — 0.75 x EMax(dw) = my,
FE(w) = wy + w, = 1,

wq, w, = 0.
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Numerical Calculations

Let us now consider the same problem for the strongest t-norm. Under the
assumptions made, the equivalent deterministic analog of the minimum risk

portfolio (6)-(7) in the context of the possibility measure takes the form:

587 ., 187

1200 %1 " 500
1.6375w4 + 1.15w, = my,

EE(w) = wy +w, =1,
wq, wo, =0,

wz — min,

and 1n the context of a necessity measure:

587 ., 187

1200 %1 T 500
1.4875w; + 0.95w- = my,

EE(w) = wy +w, =1,
W, W> > 0.

wz min,
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Numerical Calculations
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Fig. 1: Sets of quasi-efficient portfolios depending on the measure of possibility/necessity
and the t-norm
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Numerical Calculations
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Fig. 2: Influence of the random parameter o; (scaling) on the set of quasi-efficient
portfolios in the case of the strongest t-norm in the context of the measure of possibility
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Thank you!
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